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Motivation
The purpose of this Paper: analyse the local trends of quadrupole 
deformations and charge radii in terms of statistical correlations between 
predicted observables in neighboring nuclei.  

Occupations of s.p.levels change 
smoothly with Z and N, and the 
character of s. p. levels around 
the Fermi level is similar

Large statistical correlations 
between deformations and radii 
in close-lying isotopes and 
isotones.

 indicates changes in shell structure.

Thus the trend of statistical correlations can 

 provide important information for modeling emulators based on 
machine learning. 

 help assessing statistical errors on differences of observables. 



Theoretical models
The Skyrme force 

The two-body interaction is given by 

where  

The three-body interaction is given by 



How to determine 

Theoretical models
The Skyrme force parameter set:  SV-min 

Fitting strategy：
The free parameters of the SHF ansatz are determined by a least-squares fit.
Let us consider a model having Np parameters p = (p1, . . . , pNp ) that are 
fitted to Nd measured observables       (i = 1, . . . , Nd). 

The adopted errors are determined as follows.   

in the case of statistical fluctuations there is a consistency between the 
distribution of residuals and the adopted error. Namely, the rules of 
statistical analysis require that the total penalty function at the minimum 
should be normalized to Nd −Np

usually small   



Theoretical models
The Skyrme force parameter set:  SV-min 

one needs to confine the model space to a “physically reasonable” domain 
around the minimum p0. we can expand     as

The adopted errors are determined as follows.   

in the case of statistical 
fluctuations there is a consistency 
between the 



Theoretical models
I. Skyrme force parameter set:  SV-min 

P. Klupfel et. al., PRC 79, 034310 (2009).



Theoretical models
II. Fayans and Skyrme energy density functionals:   

P.-G. Reinhard and W. Nazarewicz, PRC 95, 064328 (2017).

“The Fayans pairing 
functional, with its 
generalized density 
dependence, 
significantly 
improves the 
description of 
charge radii in odd 
and even nuclei.”



Theoretical models
The Skyrme force parameter set:  SV-min 

Statistical error：
Given a set of parameters p, any observable A can be within the model 
uniquely computed as A = A(p). The value of A thus varies within the 
confidence ellipsoid, and this results in some uncertainty �A of A.

The prescription for assigning an error to A(p0) is the following formula

where

where     is the covariance matrix

is the Jacobian matrix, which is inversely proportional to the adopted errors.



Statistical correlation analysis

In addition, one can introduce a useful dimensionless product–moment
correlation coefficient 

Positive covariance: Indicates that two variables tend to move in the same direction.
Negative covariance: Reveals that two variables tend to move in inverse directions.

in this paper，

The square R2 is the coefficient of determination (CoD). It contains 
information on how well one quantity is determined by another one, 
within a given model.

R2 = 0: the quantities x and y are uncorrelated.
R2 = 1: one quantity determines the other completely.



Statistical correlation analysis

The correlation coefficient is useful when estimating the variance of a 
difference x − y

The square R2 is the coefficient of determination (CoD). It contains 
information on how well one quantity is determined by another one, 
within a given model.

R2 = 0: the quantities x and y are uncorrelated.
R2 = 1: one quantity determines the other completely.

If Rx,y ≈ 1, then  



Calculated values of β2 for SV-min 
and Fy(∆r,BCS) and compares them to 
empirical quadrupole deformations 
extracted from the experimental 
transition probabilities for the lowest 
2+ states.
Nuclear deformation properties are 
dominated by shell topology: all 
reasonable nuclear models, including 
macroscopic-microscopic approaches 
as well as various flavors of nuclear 
density functional method, are bound
to reproduce the deformations of well 
deformed nuclei.

Calculated quadrupole deformations



The values of β2 predicted by SV-min 
are 5%-10% larger and the trend for 
the Hf isotopes differs visibly.

Although the deformation is 
dominated by shell structure, the final 
details emerge from an interplay of 
Coulomb pressure, surface energy, 
shell effects, and pairing, which all 
depend on the actual model.

Coulomb pressure and surface energy 
change only smoothly with Z and N 
and this should lead to strong inter-
correlations. However, shell structure 
and pairing can fluctuate. 

Calculated quadrupole deformations



The charge radii Rch of the discussed 
Er, Yb, and Hf isotopes are displayed 
in Fig. 2. The radii gradually increase 
with Z and N, as expected. The 
fluctuations atop this smooth 
behavior are seen in the differential 
radii and their ratios. The charge radii 
obtained in SVmin are systematically 
larger than those of Fy(∆r,BCS).
This, together with the results for the 
quadrupole moments shown in Fig. 1 
suggests that the proton densities
predicted by SV-min are slightly more 
radially extended. 

Calculated charge radii



CoDs between the deformation 
β2 in 178Hf (upper panels), 172Yb 
(middle panels), and 166Er (lower 
panels) and β2 values of all 
other isotopes. The reference
nucleus is indicated in each 
panel by a star. Interestingly, 
the quadrupole deformations of 
172Yb (N = 102) and 166Er (N = 
98) are well correlated with 
those of neighboring nuclei, in 
accordance with expectations. It 
i only when the neutron number 
approaches N = 106 that
the correlation deteriorates. The 
situation is different for 178Hf. 
Here, the CoD values are small, 
even with the nearest neighbors.

Statistical correlations between the deformations



The inter-nuclei correlations of 
charge radii. 
It is seen that the values of Rch 
are intercorrelated better than 
quadrupole deformations. But,
similar as in the β2 case, there 
are regions of surprisingly low 
CoDs. Particularly low 
correlations are predicted for
176Hf in SV-min and 170Hf in 
Fy(∆r,BCS) for both β2 and Rch 

Statistical correlations between the charge radii

The significant variations of CoDs are indicative of shell effects.



Nilsson Diagram (s. p. energies)



Nilsson Diagram (s. p. energies)



Nilsson Diagram (s. p. energies)



In the presence of nucleonic pairing, the 
s.p. occupations change gradually with 
particle number leading to smooth 
variations of nuclear observables. If 
pairing is weak, the transitions between 
intrinsic HF configurations are sharp 
and the underlying picture becomes 
diabatic. Consequently, large pairing is 
expected to increase correlations 
between observables belonging to 
different nuclei. 

The large deformed gap at Z = 70 gives
rise to very weak proton pairing in the 
Yb isotopes. The variations of neutron 
pairing are appreciable; they reach
a minimum at the deformed neutron 
closure N = 104.

Pairing effects



Nilsson Diagram (s. p. energies)



Nilsson Diagram (s. p. energies)



Nilsson Diagram (s. p. energies)



This paper investigated inter-correlations between observables in 
neighboring nuclei which exhibit smooth trends as a function of proton or 
neutron number. The calculated quadrupole moments and charge radii 
vary gradually with Z and N, which would intuitively suggest strong inter-
correlations. 

The calculated CoD diagrams show patterns that are surprisingly localized 
as compared to the smooth trends of observables. These local variations 
of CoDs reflect the underlying deformed shell structure and changes of 
single-particle configurations due to crossings of s.p. levels, especially 
high-Nosc intruder and oblate-driving extruder levels. 

Our results suggest that the frequently made assumption of strong 
correlations between smoothly-varying observables, which must result in 
reduced statistical errors of their differences, cannot always be justified.

Summary


