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A Statistical Analysis for the Neutrinoless Double-Beta Decay Matrix element of **Ca

M. Horoi,®! A. Neacsu,” and S. Stoica?

! Department of Physics, Central Michigan University, Mount Pleasant, MI 48859, USA
2 International Center for Advanced Training and Research in Physics (CIFRA), Magurele, Romania
(Dated: March 22, 2022)

Neutrinoless double beta decay (0vB() nuclear matrix elements (NME) are the object of many
theoretical calculation methods, and are very important for analysis and guidance of a large number
of experimental efforts. However, there are large discrepancies between the NME values provided
by different methods. In this paper we propose a statistical analysis of the “*Ca 0v88 NME using
the interacting shell model, emphasizing the range of the NME probable values and its correlations
with observables that can be obtained from the existing nuclear data. Based on this statistical anal-
ysis with three independent effective Hamiltonians we propose a common probability distribution
function for the OvB8 NME, which has a range of (0.45 - 0.95) at 90% confidence level of, and a
mean value of 0.68.

https://arxiv.org/abs/2203.10577
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It would be thus interesting to study the robustness
of the Ov38 NME to small changes of the parameters of
different effective shell model Hamiltonians and to ex-
amine how the NME changes are correlated with other
observables. In this work, we propose a statistical analy-
sis of OvB8 NME of 43Ca calculated with the interacting
shell-model using three independent effective Hamiltoni-
ans (FPD6, GXPF1A, KB3G), emphasizing the range
of the NME probable values and their correlations with
several observables that can be compared to existing nu-
clear data. Based on this statistical analysis we propose
a common probability distribution function for the Ov5S3
NME. We apply our analysis to *3Ca, which is the light-
est DBD isotope and thus more accessible to ab-initio
calculations. We onlv consider in this work the standard

light LH neutrino exchange mass mechanism, which is
most likely to contribute to the Ov33 decay process.

Journal Club Jiangming Yao



Introduction

The main goals are: (i) for each starting effective
Hamiltonian find correlations between OvG3 NME and
the other observables that are accessible experimentally;
(ii) find theoretical ranges for each observables; (iii) es-
tablish the shape of different distributions for each ob-
servables and starting Hamiltonians; (iv) use this infor-
mation to find weights of contributions from different

starting Hamiltonians to the ”optimal” distribution of
the OvB6 NME; (v) find an ”optimal” value of the Ov3/
NME and its predicted probable range (theoretical er-
ror). One should mention that similar studies for other
observables were recently proposed [49].

[49] J. M. R. Fok: C. W. Johnson, and R. N. Perez, Phys.
Rev. C 101, 054308 (2020).
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Exp. Error FPD6 GXPF1A KB3G

OvB5 NME N/A N/A 0.79 0.559 0.693
2vB3 NME  0.035 [38] 0.003 0.062 0.050 0.045
“®Ca B(E2)T  0.008[39] 0.001 0.007 0.006 0.05
8Ca 2+ 3.832 [40] 0.15 3.658 3.735 4.238
8Ca 4+ 4.503 [40] 0.15 4.134 4.264 4.231
*8Ca 6+ 7.953 [40] 0.15 7.396 7.705 7.831
*8Ca Occ(Nf5) 0.032* 0.395% 0.117 0.032 0.112
48Ca Occ(Nf7) 7.892* 0.395% 7.693 7.892 7.795
48Ca Occ(Npl) 0.009* 0.395% 0.029 0.009 0.024
48Ca Occ(Np3) 0.067* 0.395% 0.161 0.067 0.070
*¥Ca — *®*Sc GT 1.09 [41] 0.28 1.01 1.226 0.051
*®Ti B(E2)T  0.063[39] 0.003 0.064 0.052 0.052
48T 2+ 0.984 [40] 0.150 1.118 1.010 0.985
T4 4+ 2.296 [40] 0.150 2.492 2.168 2.214

B Ti 64+ 3.333 [40] 0.150 3.425 2.922 3.046
48Ti Occ(Nf5) 0.168* 0.277# 0.310 0.168 0.263
48Ti Occ(Nf7) 5.535* 0.277% 5.253 5.535 5.416
48T Occ(Npl) 0.048* 0.277# 0.068 0.048 0.061
48 Ti Occ(Np3) 0.248* 0.277% 0.369 0.248 0.260
*Ti Occ(Pf5) 0.032* 0.092% 0.101 0.032 0.097
BTi Occ(Pf7) 1.839* 0.092% 1.672 1.839 1.763
*¥Ti Occ(Ppl) 0.010* 0.092% 0.031 0.010 0.021
*Ti Occ(Pp3) 0.119* 0.092% 0.196 0.119 0.120
Ti — *8Sc GT 0.014[41] 0.005 0.050 0.032 0.056

Journal Club Jiangming Yao
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orbitals for both protons and neutrons), and added
small random contributions to their two-body matrix
elements (TBME). For this project we only considered
the FPD6 Hamiltonian [42], the KB3G Hamiltonian [15],
and GXPF1A Hamiltonian [43, 44| as starting effective
Hamiltonians. In order to maintain the magicity of ®Ca,

we decided to keep the single particle (s.p.) energies in
the perturbed effective Hamiltonians the same as in the

starting Hamiltonians.

fp-shell. An analysis of the TBME for all three starting
Hamiltonians listed above indicates that a +10% range
for the random contributions would suffice.

Hamiltonian. For each starting effective Hamiltonian we
use 20,000 random Hamiltonians produced by the proce-
dure described in section II.

Journal Club Jiangming Yao
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where Hey(y) are the Chebyshev-Hermite polynomi-
als, Hez(y) = y*> — 3y and Hes(y) = y* — 6y + 3, p
and o are the mean and variance of a probability density
function (PDF), and ug, with £k = 3,4 are normalized
moments of the same PDF, P(z):

In order to have a good representation for the PDF of
the Ov B3 NME, we consider small deviation from normal
distribution via the Gram-Charlier A series [53]. This is
given by:

P(z) ~ ! exp [_(a:—u)]

V2mo 202

k
—3 _ L —
1+ 2 Hes((z — p)/o) + M Hea((z — p)/0) i = / ( - ) P(z)dz, (A-2)
6 - - r . . —— In practice, we use the sample moments, u3 (skewnes)
GXPF1A —— and pq—3 (kurtosis), which in the limit of very large sam-
KB3G : :
5 weighted sum —— - ple sizes become very close to the underlying moments.
4 L
3 =
P(z) = WrppePrppe(z) + WoxpriaPaxpria(T)
2 | + WkB3aPkB3c(T) ,
]
here we present the results of a ”democratic” approach
0 : : : . : in which all Wy are 0.33. Fig. 1 shows the probabil-

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

ity distribution functions (PDF) for the three starting
effective Hamiltonians and their weighted sum. To cal-

Figure 1. PDF of the Ov38 NME distributions for the FPD6,
GXPF1A and KB3G Hamiltonians and their weighted sum
(see text for details).
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Summary

We found that the Ov338 NME correlates strongly with
the 2v36 NME, but much less with the Gamow-Teller
strengths to the first 17 state in *®Sc. We also found
that the OvB38 NME exhibits reasonably strong correla-
tions with the energies of the 2T, 4T and 6™ states in
4874, and with the neutron occupation probabilities in
48Ca. We also found that there are additional correla-
tions between observables, such as the energies of the
2+ 41 and 67 states in “®Ti and the neutron occupation
probabilities, as well as between B(E2)t values in *®Ti
and proton and neutron occupation probabilities, which
can indirectly influence the Ov38 NME. Therefore, we
conclude that reliable experimental values of the occupa-
tion probabilities in “8Ti and “®Ca would be useful for

this analysis, potentially helpful to reduce the uncertain-
ties of the OvBB NME.

Based on this statistical analysis with three indepen-
dent effective Hamiltonians we propose a common proba-
bility distribution function for the Ov38 NME, which has
a range (theoretical error) of (0.45 - 0.95) at 90% confi-
dence level, and a mean value of 0.68. We also hope that

Journal Club Jiangming Yao
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Neutrinoless 85-decay nuclear matrix elements from two-neutrino S3-decay data

Lotta Jokiniemi,! 23, * Beatriz Romeo,*' T Pablo Soriano,’'2:* and Javier Menéndez! 2%

! Departament de Fisica Quantica i Astrofisica, Universitat de Barcelona, 08028 Barcelona, Spain
2 Institut de Ciéncies del Cosmos, Universitat de Barcelona, 08028 Barcelona, Spain
STRIUMF, 4004 Wesbrook Mall, Vancouver, BC V6T 2A3, Canada
*Donostia International Physics Center, 20018 San Sebastidn, Spain
(Dated: July 13, 2022)

We study two-neutrino (2v33) and neutrinoless double-beta (Ov33) decays in the nuclear shell
model and proton-neutron quasiparticle random-phase approximation (pnQRPA) frameworks. Cal-
culating the decay of several dozens of nuclei ranging from calcium to xenon with the shell model,
and of B8 emitters with a wide range of proton-neutron pairing strengths in the pnQRPA, we observe
good linear correlations between 2v33- and Ov33-decay nuclear matrix elements for both methods.
We then combine the correlations with measured 2v3(6-decay half-lives to predict Ov33-decay matrix
elements with theoretical uncertainties based on our systematic calculations. Our results include
two-body currents and the short-range Ov(33-decay operator.

https://arxiv.org/pdf/2207.05108.pdf
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Introduction

The 2v56- and Ov(B3-decay half-lives depend on well-
known phase-space factors [16] and nuclear matrix el-
ements (NMEs) [17]. Additionally, OvB3 decay de-
pends on a parameter encoding physics beyond the stan-
dard model of particle physics (BSM) leading to lepton-
number violation. Hence, Ov35-decay NMEs are key to
anticipate the reach of planned experiments in the BSM
parameter space 18| and also to analyze eventual Ov g3 (-
decay signals. For 2v33 decay, NMEs can be extracted
from measured half-lives [1]|, but NMEs for Ov33 decay
are poorly known: differences between state-of-the-art
calculations exceed a factor three and theoretical uncer-
tainties are mostly ignored |3, 17].

Journa | Club Jiangming Yao
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In this Letter, we study the correlation between the
NMEs of the two 83-decay modes for nuclei across the
nuclear chart. The 2vB83 and OvBB decays share ini-
tial and final states but differ on their momentum trans-
fers (p) and intermediate states. Previous studies have
found a correlation between the two 85-decay NMEs in
48Ca [54] and a relation between their radial transition
densities in all nuclei [55]. Also, 2vB3-decay data is
commonly used to adjust the proton-neutron quasipar-
ticle random-phase approximation (pnQRPA) model pa-
rameters [56—60|. Here we perform systematic pnQRPA
and nuclear shell model calculations, with various proton-
neutron pairing strengths in the pnQRPA, and covering
a wide range of nuclei and interactions in the shell model.

Since 2v(3-decay half-lives are known, a correlation be-
tween 03 NMEs can lead to Ov33-decay NMEs based on

2v 8 -decay data.

Journal Club Jiangming Yao



DOUBLE-BETA DECAY OPERATORS
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The 2v(B3-decay half-life, to a very good approxima-
tion, depends on a single NME [60]:

2 = (OF 11 2, 72 aal 1) AR 11 225 75 @6l[057)
i —Z (Er — (B; + Ef)/2+m,)/m, » (1)

k

where indices a, b run over all nucleons, the isospin oper-
ator 7~ turns neutrons into protons, o is the spin oper-
ator, and the denominator involves the energies E of the
initial (7), final (f) and each kth intermediate 17 state.
The electron mass m. makes M?¥ dimensionless.

Journal Club Jiangming Yao



DOUBLE-BETA DECAY OPERATORS
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For Ov38 decay, we focus on the best motivated light-  With €k =p(p+ Ex — (E; + Ef)/2), ga = 1.27 and R =

neutrino exchange mechanism [3]. The decay rate is usu-  1.24'/3 fm with nucleon number A. The spherical Bessel
ally written in terms of a NME with three spin structures function jo enters all terms except the tensor where A =
2. In the shell model, we use closure with two alternative

MY = M — MY + MY, (2)  denominators £x = p(p + 1.124Y/2MeV) [62] and Ex =

p? [31]. For the dominant GT term we have
called Gamow-Teller (M2%), Fermi (MP¥) and tensor

(M3) according to the operators OF, =1, OSbT = 04 O, P ga (p*)gp (p*)p? - g2 (p?)p* . g2, (p?)p?
Ol =3(04 tap)(0p Tap) — 04 0y entering the definition Siim T 3Imn 12m3% 6m3 ’
(5)

Ov __ — K _— — 2 -+

- Z;b(of 1Oab 7a 7 Hic(Tab) fsro(ran)l105)(3) and other terms are defined likewise [17]. The leading

: parts are proportional to the axial coupling ga(p?)—

where 74 is the distance between two nucleons. In the with dipole form factor [63]—and the pseudoscalar one
pnQRPA, we sum over all intermediate states, while in ~ gp(p?) = 2mnga (p?)(p* + m2)~!. Here gy is the mag-
the shell model we directly compute NMEs between the netic coupling and my, m, the nucleon and pion masses.

initial and final states in the closure approximation. In
both methods, fsrc corrects for missing short-range cor-
relations (SRCs) using two parametrizations [61]. The
neutrino potentials are defined as

0o . 2
Hylrap) = oo [ D@Ta)Pd -y

779?4 0 Ex

Journal Club Jiangming Yao



Two-body currents

In addition to the standard shell-model and pnQRPA 55@2):%[_2(034@)%
NMEs, we consider two additional contributions to Ov3p3 . (C - SIP .
decay. First, we estimate the effect of two-body currents - ’

- (5 - 5 )tom
Q‘% Q R 5.0?) = — £ [%“[315@,19) — 17 (p,p) - (LUt + 1)
- %(63 — ﬁ)[f(p,p) + %[If(p,p) Ly 3I§(p,p)]>
N
Cé CD L2y P’ } .
5P(p2) _ EICG(p)p)_ da s\ ] ’ 4gAAX m,2T+p2
ff - 2 ga
J5 (P, P) = gaT; !5a(p o + "’pz (p-o:)pP|, :
with normal-ordered effective one-body currents [30]. :
This leads to the replacement
0.8
ga(p®,2b) = ga(p®) + 6.(p°) , (6) *
2m
ge(p*,20) > gp(P") — —= 0007, (D)

her(p®)(1b + 2b) /har(p?)(1b)

where d,, 61 are the two-body corrections from Ref. [64], 0.4 2BC: (pEm—), o) |

taken with uncertainties. They reduce [-decay NMEs ) ’

by 20% — 30%, thus contributing to their “quenching”. 0.2 - ----(0.9, —6.08) |

Normal-ordered currents approximate well the full two- == (0.11, 0.30)

body [-decay results [29]. For more details on two-body | | (0.11, —3.32)

currents, see Appendix A. 00 160 260 | 360 \400 500
p(MeV)

FIG. 5. Relative impact of two-body currents on the function
hat(p?), with respect to the one-body values.
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Two-body currents
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FIG. 6. Two-body contributions to axial (left) and pseudoscalar (right) currents. The open bands include a dipole regulator.
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Short-range operator
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Second, we also calculate the recently acknowledged
short-range OvBB-decay NME [31], MJ¥. This two-body
term, obtained from Eq. (3) with O, = I but without
summing over intermediate states, directly adds to the
long-range part in Eq. (2). Because of its short-range
character, it follows from Hg(rq) in Eq. (4) with £3¥ =
and j5. We use

hg = QQNN —p /(2A2) (8)

with couplings ¢0'N and regulators A taken from the
charge-independence-breaking terms of several nuclear
Hamiltonians as in Ref. [36]. This approximates the two
couplings entering 3/ decay to be equal, which for “®Ca
gives a relative short-range NME contribution consistent
with the ab initio result based on g™ from QCD |[35].
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Many-body methods
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We perform nuclear shell-model calculations for the de-
cays of a large set of nuclei in the mass range 46 < A <
136, covering three different configuration spaces with the
following harmonic-oscillator single-particle orbitals—for
both protons and neutrons—and isospin-symmetric in-
teractions: i) O0f;/5, 1ps/e, Of5/2, and 1p;/o with the
KB3G [65] and GXPF1B (66] interactions for the decay of
46_58C&, 50_58Ti and 54_6001‘; 11) 1p3/2, 0f5/2, 1p1/2 and
0gg /2 with the GCN2850 [67], JUN45 [68] and JJ4BB [69]
interactions for 2=76Nj, 74=80Zn  76-82Ge and 32:34Se;
and 111) 1d5/2, Og7/2, 281/2, 1d3/2 and 0h11/2 with the
GCN5082 [67] and QX [70] interactions for 124-1328n,
130—-134Te and 134136Xe. We use the shell-model codes
ANTOINE |71, 72] and NATHAN [72].

In addition, we study the decays of "°Ge, 82Se, %7Zr,
100Mo, 116Cd, 124Sn, 128:130Te and '36Xe with the spher-
ical pnQRPA method. We use large no-core single-
particle bases in a Coulomb-corrected Woods-Saxon po-
tential [73] and obtain the BCS quasiparticle spectra for
protons and neutrons separately. We use interactions
based on the Bonn-A potential [74], with proton and neu-
tron pairing fine-tuned to the empirical pairing gaps. For
the residual interaction, we fix the particle-hole parame-
ter to the GT giant resonance, and the isovector particle-
particle one via partial isospin-symmetry restoration [59].



Many-body methods
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As usual, we adjust the isoscalar particle-particle pa-
rameter to 2v(B3-decay half-lives. Additionally, we also

explore an alternative approach and consider a range
gT =0 = 0.6 —0.8, which gives reasonable pnQRPA NMEs

for B and B0 decays |58, 75].
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FIG. 1. 2vBB3- (M?") vs standard Ovf3B-decay (M}") NMEs obtained with (a) pnQRPA with different isoscalar pairing g.; "
values (adjusted to 2v3[3-decay data for the black diamonds) and (b) nuclear shell model (NSM) with different interactions for

three regions of the nucleon number A. M7 results are multiplied by A71/8 and the denominator g2 notes the need to quench
M?¥ values. Solid and dashed lines correspond to linear fits and their 68% CL prediction bands, respectively.

fit coefficients are r — 0.84 for the pnQRPA

for the shell model » = 0.86, » = 0.95 and r = 0.97
for the lighter, intermediate, and heavier nuclei, respec-
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FIG. 2. Standard OvpB(B-decay NMEs obtained from the cor-
relations in Fig. 1. The narrow error bars come from the 68%
CL bands of the linear fits, while the wide ones also contain
uncertainties in the NME calculations. Bands (crosses) show
the literature NME ranges (individual values), shell model

(NSM) in red [23-26, 36], QRPA in blue [36, 60, 77-80].
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0.6 i
g
0.4 //?: //’9’// / - correlation coefficients become r» = 0.80 in the pnQRPA
- /Q’:/ i P and 0.81 < r < 0.97 in the shell model (see Table I in
oL, - a” & = __agl Appendix B), smaller than in previous cases because the
= 02 G . 6’ . % . short-range term has Fermi spin structure, which does
L o ol 4 not contribute to 2vBB decay. Figure 3 also highlights
- kIR S S
U g o |oNSM(46 < A < 60)
a”r 4 oNSM(72 < A < 84)
—0.9 -7 P oNSM(124 < A < 136)
o ¢ QRPA
0 1 2 3 4

A~Y/6(MP¥(1b + 2b) + MYY)

FIG. 3. OvB33- vs 2vp3B-decay NMEs and linear fits with 68%
CL prediction bands for the shell model (NSM, circles) and
pnQRPA (diamonds). The OvpBB-decay results include two-

body currents and short-range NMEs.

The effect of two-body currents on Ov33-decay NMEs
is similar in the shell model and pnQRPA: NMEs de-
crease by 25% — 45%. The range is mainly driven by
the uncertainties in d,, 7. This reduction is somewhat
larger than in earlier studies [30, 92| which neglect pion-
pole diagrams [93]. In contrast to Ref. [30], the effect of

Finally, we add the short-range operator into Ov383-
decay NMEs. In the pnQRPA, this term typically
amounts to some 30% — 80% of the one-body M?P" value,
and in the shell model this fraction is about 15% — 50%.
Individual uncertainties are now larger, dominated by
the short-range coupling gYN. Figure 3 shows the corre-
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FIG. 4. OvBpB-decay NMEs with error bars derived from cor-
relation fits as in Fig. 2. (a) NMEs with two-body currents
compared to Refs. [30, 92] (dark bands). (b) NMEs with two-
body currents and the short-range term. For comparison,
light bands show the literature bands of Fig. 2.
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Our shell-model MP”(1b + 2b) NMEs are in good agree-
ment with ab initio results for #*Ca [19-21] and "®Ge [21]
within uncertainties, and for 82Se our error bar is just
above the ab initio value [21]. This suggests that 4,
6 effectively capture part of the missing many-body
correlations—note that ab initio OvBB-decay NMEs do
not include two-body currents yet. Further, our shell-
model M}P¥(1b + 2b) NMEs are consistent—with lower
central values and larger uncertainties—with Ref. [94],
which follows a different approach for adding correlations
into the shell-model framework.



Summary

SUN YAT-SEN UNIVERSITY

We perform shell-model and pnQRPA calculations for
several tens of 53 decays and nuclear interactions and ob-
serve good linear correlations between 2v36- and Ov30-
decay NMEs. We also find good correlations when in-
cluding two-body currents and the short-range operator
into OvBH decay. Using the correlations and measured
2vB3 decays, we obtain OvfBS3-decay NMEs with theo-
retical uncertainties based on systematic calculations fol-
lowing the same correlation, rather than individual NME
results. Many-body approaches able to compute 2v30-
decay NMEs |20, 21, 28| could pursue similar strategies to
predict Ov(53-decay NMEs with theoretical uncertainties.



